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Abstract: Some approximate solutions of the nonlinear equations 
2 + a2x2 _ 
-P 9 
Zx4 ~+&2=_px3 
are considered. The approximate solution is exact for a particular initial value of each differential equations. 
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1. Introduction 
Many physical phenomena in engineering and technology are modelled by second-order 
nonlinear differential equations. In order to analyse the behaviour of the physical systems we 
need the solutions of the differential equations which are extremely difficult in nonlinear cases. 
However, there are methods to obtain approximate solutions of nonlinear differential equations. 
Peters [l] and Usher [2] have obtained some approximate solutions to the equation 
z+&J2x= --x2 
subject to the initial conditions x(0) = A, i(O) = 10. But their approximate solution is not equal 
to 
x(t) = -w*/cf when A = - w2/a. 
Such a difficulty has been eliminated by Shidfar and Sadeghi [3] using different method. The 
present authors used this method to obtain an approximate solution for the Duffing equation in 
[4] and a general nonlinear equation in [6]. 
In this paper we shall obtain some approximate solutions of the following nonlinear equations 
[51 
2 + a*x* = p2x4, (1) 
2+a x 2 2= _px3 > (2) 
with initial conditions 
x(0) =A and i(O) = 10. (3) 
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First we shall consider the equation (l), (3) and then (2), (3). In pursuit of this we put 
x=u-(Y/Jzp 
and inserting (4) into (l), (3) we obtain 
ii - 2cX2u2 + 2&$3u3 - p2u4 = -(Y4/4p2, 
u(0) = A + cX/Jzp, G(O) = 0. 
For equation (2), (3), substitute x = u - 2a2/3/3 we get 
ii - a2u2 + bu’ = -4(u6/27p2, 
u(O) = A + 2cy2/‘3/3, n(0) = 0. 
(4) 
(5) 
(6) 
(5a) 
@a) 
Next we shall discuss the series solution of (5). 
2. Some series solution 
To solve equation (5), let us investigate the solution in the form 
u (t ) = c0 + ci sin at + c2 sin2at + . * - (7) 
where the coefficients cO, c,, c2, . . . are constants to be determined. 
Substituting (7) into u(O) = A + ~~/a/3 we get 
c0 = A + a/fifi. (8) 
Using (7) into L.H.S. of (5) and equating the sum of the coefficients of each sinnat, n = 0, 1, 
2 , . . . to zero, we have 
2a2c2 - p’c,” + 2fi(~bci - 2a2c,2 = -a4/4P2, n = 0 
C 
n+2= (n+l;;n+2)C”+ (n+l;(n+2)b” 
am3 - 
a(n + l)(n + 2) @LA + . . * +hd + a2(n +5, + 2) @cl4 + * * * +hA) 
where b,, = d, = q,c, + * . . +c,q, and b, = d, = ci, n > 1. From C(O) = 0 and (7) we can 
immediately conclude that ci = 0. The second equality of (9) and ci = 0 yields c3 = 0, cg = 0,. . . 
successively. For the coefficients with even subscript we obtain 
c,=A+ - 
A2p2 &. c~=~ 
c4 = --& (aa + fi(y2c0 - 3Pac,2 + 0P2ci) etc. 
This gives the solution 
A2p2 
x(t) =A + - 
2a2 
sin’at + . . . 
(10) 
01) 
for equation (l), (3). 
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Similarly, for the equation (2), (3) we obtain 
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2a2 
c,=A+w> 
A2 
c2= -- 
2cz*p ( i 
A+‘Z 
P ’ 
c2 
c4 = -(4a2 - 
12cy* 
RACY*- 3A2j3), . . . . 
n+2= (n+l;;n+2)C”+ 
bll P c 
(n + l>(n + 2) - (Y’(n + l)(n + 2) 
(b,c,+ ... +b,cJ, 
and cr = c3 = c5 = . . . = 0, and the solution is 
A2 
x(t) = A - - 
2cr*p 
sin*& + + . . . (12) 
Remark 1. We observe that the coefficients c2, cd,. . . in (11) and (12) vanish for A = +a/fi and 
A = -a*//3 respectively. Therefore x(t) = &cx/~ for A = +cx/~ and x(t) = - CX*/~ for A = 
- LX*//~. Hence the solutions of (l), (3) and (2), (3) are exact for this particular initial conditions. 
3. Convergence of the solution 
It is interesting to note that the series solution (7) convergent for all t. Infact, in the case 
c0 > 0, c2 > 0 and /S = -y, we obtain from (9) c, > 0 for n = 4, 6,. . . . By the second equality of 
(9) we can immediately conclude that 
or 
ft %+2(;o%)2+ y FocJ3+ $( zocnj4 
n=O 
=2c;+ 2JTyc;+ <+2c,. 
lx (Y 
Therefore, in this case, the series of coefficients of series solution (9) converges. 
c;, = ) co 1) cl'= 0, c; = ) $1 
C' 
?I+*= (n+$+2)c”+ 
2JzIPI 
(n+Yl2$+2) - a(n+l)(n+2)(b~c~+ 
P2 
+ cl’(n + l)(n + 2) 
(b;dn’ + - -. +b;d;) 
(14) 
Now if one put 
. . - + b;c;,) 
where 
bi=d,‘=c&A+ .a. +cAcA and bi=di=(&)* 
106 E. Thandapani et al. / Nonlinear differential equations 
then the series C~=,,c~ converges. Since 1 c, 1 G CA it follows that the series solution (7) is 
absolutely convergent for all t and consequently the series solution (7) converges for all t. Infact 
(7) is convergent when sin at = 1 by the above argument. Similarly we can prove that the series 
solution (7) for 
4. Power series 
(2), (3) converges for all t. 
solution 
Finally we seek a power series solution in the form 
u(t)= C ant" 
n=O 
for equation (1) subject to the initial condition (6). 
Inserting (15) into (1) and 
a, =O, a3 =O, 
and 
a,=A+- 
& 
Zen m43 
2 = (FI + l)(II + 2) - (n + l)(n + 2) (eoa, + e2an- 
using the initial condition (6) we conclude that 
a,=O, . . . 
2a2-P2a~+2fi@a~-2a2a,2= -(y4 
4P2 
a ?I+ 
where 
P” 
+ (TI + l)(n + 2) (cop, + e2Pn-2 + f * * +enpo) 
2+ *-* +e?lao) 
(15) 
(16) 
(17) 
e,=p,=a,a,+a,a,_,+ **. +a,a,, n=2k, k>,l. 
The coefficients in (17) vanish for A = + (u//3 and the corresponding solution of equation (l), (3) 
becomes x(t) = f a//S. Similarly we can obtain the power series solution for the equation (2), 
(3). 
Remark 2. The solution (7) and (15) are identical. This can be easily identified by substituting the 
Maclaurent series of sin at into (11) and writing it as a power series. 
Finally we conclude by this technique one can obtain a series solution of the form (7) for any 
nonlinear second-order differential equation of the form jt +f(x) = 0. 
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